In this advance, we study the system of strongly interacting spinor bosons in a square lattice subject to any of the linear combinations of the Rashba and Dresselhaus spin-orbit coupling (SOC). The SOC leads to novel and rich quantum and topological phenomena in a lattice system. They include masses generated from "order from quantum disorder " mechanism, collinear spin-bond correlated magnetic phase, quantum commensurate ( C ) and In-commensurate ( IC ) non-coplanar Skyrmion crystal phases, stripe co-planar ( spiral ) C and IC phases, quantum Lifshitz C-IC transitions, metastable states, hysteresis, topological rational and irrational winding numbers, incomplete and complete devil staircases, Cantor sets, multi-fractals, etc. Various perspectives and possible intimate connections with topological spin liquids due to geometric frustrations or quantum spin glass due to quenched disorders are discussed. Implications on current or near future cold atom systems and on 4d or 5d strongly correlated materials with SOC are discussed.
INTRODUCTION.
It was well known that the strong correlations among bosons or fermions lead to many quantum, topological phases and phase transitions in materials [1] [2] [3] . Its combinations with geometric frustrations may lead to new phases of matter such as coplanar spiral phases, especially topological quantum spin liquids [2] [3] [4] [5] . Its combinations with quenched disorders also lead to new states of matter such as the quantum spin glass [6] [7] [8] [9] which is closely related to black hole physics through AdS/CF T correspondences [10] [11] [12] [13] [14] . On the other forefront, Rashba or Dresselhaus spinorbit coupling (SOC) is ubiquitous in various 2d or layered non-centrosymmetric insulators, semi-conductor systems, metals and superconductors [15] [16] [17] [18] [19] [20] [21] [22] . There are also recent remarkable experimental advances in generating any linear combinations of the 2d Rashba and Dresselhaus SOC for both fermions and spinor bosons in both continuum and optical lattices [23] [24] [25] [26] [27] [28] [29] [30] . New many body phenomena due to the interplay among strong interactions, the SOC and lattice geometries are being investigated in the current cold atom experiments. It becomes urgent, topical and important to investigate what would be the new quantum or topological phenomena due to the the interplay between the strong correlations and the ubiquitous Rashba or Dresselhaus SOC on various lattices.
In this work, we address this outstanding problem and discover that the interplay leads to many novel quantum or topological phenomena summarized in the global quantum phase diagram Fig.1 . They include masses generated from "order from quantum disorder " phenomena, the collinear spin-bond correlated Y-x phase and its novel excitation spectrum, quantum commensurate ( C ) and In-commensurate ( IC ) non-coplanar Skyrmion crystal ( SkX ) phases, stripe co-planar ( spiral ) C and IC phases, quantum Lifshitz C-IC transitions, metastable states, hysteresis, topological fractional and irrational winding numbers, incomplete and complete devil staircases, Cantor sets, multi-fractals, etc. We establish the Fig.1 by the combinations of the approaches from the extremely anisotropic limit 32 (α = π/2, β), the isotropic Rashba limit 0 < α = β < π/2 and near the Abelian line 0 < α < π/2, β = 0. Our results demonstrate that the interplay among strong correlations, Rashba SOC and lattice geometries opens a new avenue to explore whole new classes of quantum or topological phenomena which may have wide implications in cold atoms and various materials with SOC to be discussed near to the end of the paper.
The tight-binding Hamiltonian of ( pseudo)-spin 1/2 bosons ( or fermions ) at integer ( or half ) fillings hopping in a two-dimensional square optical lattice subject to any combination of Rashba and Dresselhaus SOC is:
where t is the hopping amplitude along the nearest neighbors ij , the non-Abelian gauge fields U ii+x = e iασx , U ii+ŷ = e iβσy are put on the two links in a square lattice. α = ±β stands for the Rashba ( Dresselhaus ) case. α = β corresponds to any linear combination of the two. U > 0 is the Hubbard onsite interaction.
In the strong coupling limit U/t ≫ 1, to the order O(t 2 /U ), we obtain the effective spin s = N/2 Rotated Heisenberg model: (2) with J = ±4t 2 /U > 0 for bosons/fermions, the R(x, 2α), R(ŷ, 2β) are the two SO(3) rotation matrices around the X and Y spin axis by angle 2α, 2β putting on the two bonds alongx,ŷ respectively. In this paper, for simplicity, we first focus on spinor bosons. The fermions will be discussed in a separate publication.
The RFHM Eq.2 at a generic (α, β) has the translational, the time reversal T , the three spin-orbital coupled Z 2 symmetries P x , P y , P z symmetries 32 . Along the extremely anisotropic limit α = π/2, 0 < β < π/2, there is a hidden spin-orbital coupled U (1) symmetry generated by U 1 (φ) = e iφ i (−1)
x S z i and also the Mirror symmetry M which consists of the local rotatioñ S i = R(x, π)R(ẑ, πn 2 )S i followed by a Time reversal transformation T , (β, h) → (π/2 − β, h). However, any deviation from the extremely anisotropic line α = π/2 spoils the U (1) and Mirror symmetry. Along the isotropic Rashba limit α = β, the P z symmetry is enlarged to the spin-orbital coupled C 4 × C 4 symmetry around the z axis. Of course, along the bottom Abelian line 0 < α < π/2, β = 0, it has theSU (2) symmetry in thẽ SU (2) basisS n = R(x, 2αn)S n . Because β < α lowerhalf is related to the β > α upper half in Fig.1 by the C 4 ×C 4 transformation, so in the following, we mainly focus on the lower half. We will approach the global phase diagram Fig.1 from all the three lines: the solvable line α = π/2, 0 < β < π/2, the Abelian line 0 < α < π/2, β = 0 and the diagonal line 0 < α = β < π/2. RESULTS C and IC Magnons in the Y-x state and their condensations.
The firmly established results and physical insights 32 achieved on the extremely anisotropic line (α = π/2, α < β) pave the way to study the physics at generic (α, β) in Fig.1 . Especially, we will follow how the three kinds of magnons response and evolve when moving away from the line.
Making a globe rotation R x (π/2) to align spin along the Z-axis and then introducing Holstein-Primakoff bosons a and b for the two sublattice, we can expand the Hamiltonian in the powers of 1/ √ S,
where the symbol H n denotes the n-th polynomial of the boson operators, E 0 = −2N JS 2 sin 2 α is the classical ground state energy of the Y-x state. Performing a unitary transformation, then a Bogoliubov transformation on H 2 , one can diagonize H 2 as:
where
is the quantum correction to the ground state energy at the LSW or-
Obviously, ω Phase diagram of the strongly interacting spinor bosons at a generic SOC (α, β) in a square lattice. Along the diagonal line αin < α < π/2, there is a gap opening generated by the order from disorder mechanism. There is a quantum Lifshitz transition at α = αin with the dynamic exponent z = 1, from the collinear Y-x ( or X-y ) phase to the noncoplanar IC-SkX/Y-x ( or IC-SkX/X-y ) phase, then a second one from the IC-SkX/Y-x to the commensurate 3×3 SkX crystal phase at α = α33 which is a bi-critical point. The segment α33 < α < αin is the first order transition line between the IC-SkX/Y-x and IC-SkX/X-y. All the other segments are first order transition lines between N × 1 and 1 × N co-planar spiral phase after N ≥ 4. M is the multicritical point located at (αM , βM ) where the (0, ±2π/3) counter line of the Y-x phase hits the corner of the 3 × 3 SkX crystal. There is a second order transition from the Y-x phase to the non-coplanar IC-SkX/Y-x phase driven by the condensations of C-IC with π−π/3 < k symmetry under the β → π/2 − β. However the mirror symmetry will be spoiled by the higher order terms starting at H 3 .
As shown in 32 , at α = π/2, the Y-x state is the exact ground state, χ k = 0, there is no need for the extra Bogoliubov transformation, the spin wave dispersion reduces to ω ± k = λ 
The gap and the two velocities are given in the SM. The Staggered magnetization and specific heat of the Y-x phase at T ≪ ∆ are:
magnetization. At α = π/2, replacing v x by ∆/m x and v y by ∆/m y , Eqn.6 gives back to those along the solvable line in 32 . Solving ∆ = 0 leads to the 3 segments of their condensation boundary:
At the LSW order, it still has the mirror symmetry under β → π/2 − β.
The C-C π magnons condense along the diagonal line arccos(1/ √ 6) ≤ β ≤ π/2 with the gapless relativistic dispersion:
where v x = cos(α)/2, v y = cos(α) 1 − 6 cos 2 (α)/2. Obviously, both velocities vanish at the Abelian point α = π/2, β = π/2 dictated by the enlarged SU (2) symmetry. Moving away from the diagonal line α = β, v x keeps increasing, but v y increases first, reaches a maximum, then vanishes at the boundary between C-C π and C-IC magnons α
we find it is a putative (z x = 1, z y = 2) quantum Lifshitz transition from the Y-x state to an incommensurate state ( Fig.4a) . However, as to be shown below, the gapless mode along the diagonal line and the mirror symmetry under β → π/2 − β are just spurious facts of the LSW approximation. However, the quantum Lifshitz transition remains, but with a different dynamic exponent than (z x = 1, z y = 2).
Order from disorder along the diagonal line near the α = β = π/2 Abelian point.
It is important to understand what is the true quantum ground state along the diagonal line near the Abelian point x is the exact quantum ground state 32 at α = π/2. When β is small, the 3 × 1 spiral state is close to be a FM state in the rotated basisSn = R(x, 2αn)Sn. All the red arrows in 120
• structure ( connected by the dashed line ) will be transformed to a FM state in the rotated basis, the blue arrows are actual spiral spin orientations which only deviate slightly from the red arrows. The deviation angles increases as β increases in the 3 × 1 staircase. The spiral states at 4 × 1, 5 × 1 and other devil's staircases ( not shown ) can be similarly constructed. The inset show the spin axis for the collinear and spiral states. The degeneracy is 2N for odd N and N for even N . There is also a small magnetization for N odd, but exactly zero for N even. Bottom layer: the classically degenerate ( 2 in , 2 out ) 2 × 2 vortex state along the diagonal line α = β is simply a FM state in the XY plane in the rotated basisSn = R(x, πn1)R(ŷ, πn2)Sn. The 3 × 3 skyrmion crystal ( non-coplanar ) state with non-vanishing skyrmion density Si · Sj × S k = 0 happens near α = β = π/3 which is the most frustrated regime in the Wilson loop 32 . Its detailed spin configuration is given in the Fig.S2 in the SM. The inset show the spin axis for the vortex and SkX states.
x is degenerate with the 1 × 2 X-y stripy state S x = (−1) y . In fact, we find there is a family of states called 2 × 2 vortex states in Fig.2 :
iy cos φ, (−1) ix sin φ, 0) which are degenerate at the classical level. In general, this family breaks the C 4 × C 4 symmetry except at φ = ±π/4, ±3π/4. When φ = 0, π/2, it recovers to the X-y and Y-x state respectively. Quantum fluctuations ( "order from disorder" mechanism ) are needed to find the unique quantum ground state upto the C 4 × C 4 symmetry in this regime. To perform a LSW calculation, one need to introduce a 4 sublattice structure A, B, C, D shown in Fig.2 . After making suitable rotations to align the spin quantization axis along the Z axis, we introduce 4 HP bosons a, b, c, d to perform a systematic 1/S expansion shown in Eqn.3 where E 0 = −2N JS 2 (1 − cos 2α sin 2 φ − cos 2β cos 2 φ) is the classical ground state energy, H 2 can be diagonized by a unitary transformation, then followed by a Bogoli-ubov transformation as:
where n = 1, 2, 3, 4 is the sum over the 4 branches of spin wave spectrum in the Reduced BZ −π/2 < k x , k y < π/2 and E 2 is the 1/S quantum correction to the ground-state energy:
Obviously, near the Abelian point α = β = π/2, if α > β, it picks the Y-x state with φ = π/2. If α < β, it picks the X-y state with φ = 0. Setting α = β, the E 0 = −2N JS 2 (1 − cos 2α) becomes φ independent, indicating the classical degenerate family of states characterized by the angle φ along the whole diagonal line α = β. Fortunately, the quantum correction
2 α] does depend on φ. As shown in Fig.3a , we find that E 2 (φ) reach its minimum at φ = 0 ( X-y state ) or φ = π/2 ( Y-x state) which is related to each other by the C 4 × C 4 symmetry. Expanding E 2 (φ) ( in unit of 2JS ) around one of its minima The quantum order from disorder selection of the Yx or X-y state along the diagonal line shows that there is a direct first order transition from the Y-x state to the X-y state along the diagonal line in Fig.1 . So along the diagonal line, there is any mixture of the Y-x and X-y state. Similar first order transition between vacancy induced supersolid ( SS-v ) and interstitial induced supersolid ( SS-i ) and any mixtures of the two along the particle-hole symmetric line at the half filling in a triangular lattice were discussed in [40] [41] [42] . The magnon gap generated by the order from disorder mechanism. The gapless nature of the spin wave spectrum Eqn.8 is just a spurious fact of the LSW approximation. It will be gapped out by the higher order terms in the 1/S expansion Eqn.3. As shown in the next section, the quantum Lifshitz transition remains, but with a different dynamic exponent z = 1 than that (z x = 1, z y = 2) got within the LSW. It turns out that the leading order corrections to the gap at the minimum (π, 0) of the C-C π magnons can be achieved by the spin coherent state path integral formulation 3, 43 . A general uniform state at q = 0 can be taken as a FM state with the polar angle (θ, φ) in theSU (2) basis with S i = R(x, πn 1 )R(ŷ, πn 2 ) S i at the α = β = π/2 Abelian point. After transforming back to the original basis by using
, it leads to a 2 × 2 state characterized by the two angles θ and φ. Along the diagonal line, its classical energy becomes
which is, as expected, φ in-dependent. But one can see any deviation from the Abelian point picks up the XY plane with θ = π/2. So it reduces to the 2×2 vortex state in Fig.2 used in the " order from disorder " analysis in the last section. Expanding around the minimum
gives the stiffness A = 2J cos 2 α shown in Fig.3b . Using the spin coherent state analysis, we can write down the quantum spin action at q = 0:
where we put back the spin S, the first term is the spin Berry phase term,
are from the classical analysis in Eqn.11 and the quantum order from disorder analysis to LSW order in Eqn.10 respectively. Eqn.12 leads to the quantized Hamiltonian
In fact, there are also corrections from the cubic H 3 and quartic H 4 terms in Eqn.3, but they only contribute to order of 1 which is subleading to the √ S order in the 1/S expansion 44, 45 . As shown in Fig.3b , because both A and B are monotonically increasing along the diagonal line, so the gap also increase. Plugging their values at α = α 0 in = arccos(1/ √ 6), When taking A/J = 1/3, B/J ≈ 0.008 and S = 1/2, we find the maximum gap near the quantum Lifshitz transition ∆ B /J ∼ 0.036.
Quantum Lifshitz transition from the Y-x ( X-y ) to IC-SkX/Y-x ( IC-SkX/X-y ) state. As shown in the last section, there is a gap ∆ B opening at q = 0 along the diagonal line, so the quantum Lifshitz transition point will shift to a smaller value of α. Incorporating the gap ∆ B into the spin-wave dispersion ω k in Eqn.8 at the LSW order leads to Ω q = ∆ 2 B + ω 2 q ( See the Methods ). Because the spectrum along q x is non-critical, so one can just put q x = 0:
where ( Fig.4a ) . From the gap vanishing condition 46 at the IC wave-vectors q ic = ±(∆ B /u) 1/2 , one can see the quantum Lifshitz transition is shifted to α ic = α 0 in − 2u∆ B /a. Plugging in the values of ∆ B and u, we find q ic ∼ 0.18π ( Fig.4d ) and the shift is so small that α ic ∼ 0.3526π remains larger than α 33 ∼ 0.3402π ( to be defined in the next section ) as shown in Fig.1 . So there must be an In-commensurate phase intervening between the Y-x state and the 3 × 3 state when α 33 < α < α ic in Fig.1 . The transition from the Y-x to IC state is a quantum Lifshitz transition with the dynamic exponent z = 1 ( Fig.4c . So along the diagonal line α ic < α < π/2 ( α 33 < α < α ic ), there must be co-existence of the Y-x and X-y ( IC-SkX/Y-x and ICSkX/X-y ) phases with any ratios ( Fig.1 and its inset ) . This physical picture will be substantiated further from the anisotropic line (α = π/2, β) approached from the right.
Non-coplanar 3 × 3 Skyrmion Crystal phase and Co-planar spiral phases along the diagonal line α = β.
1. 3 × 3 non-coplanar Skyrmion Crystal phase (SkX). Near α = β = π/3, it is natural to take a 3 × 3 ansatz: S (ix,iy ) = S (ix+3m,iy +3n) with m, n ∈ Z. We estimate its classical ground-state energy by minimizing E 3×3 ({φ i , θ i } 0≤i≤9 ) over its 18 variables. Along the diagonal line (α = β), as long as α is not too small, the minimization of E 3×3 always leads to a C 4 × C 4 symmetric 3 × 3 SkX state ( See SM) shown in Fig.2 . This is in sharp contrast to the case near α = β = π/2 where the classical analysis only leads to the degenerate family of 2 × 2 vortex states shown in Fig.2 . A quantum " order from disorder " analysis is needed to show the 2 × 2 vortex state phase separates into any mixtures of the Y-x state and X-y state along the diagnose line.
Comparing the classical ground energy of the 3×3 SkX with that of the Y-x state E Y −x = −2J sin 2 α leads to a putative first order transition between the two states at α 33 
-x state and the 3 × 3 SkX splits into 2 second order quantum Lifshitz transitions with z = 1 with the IC-SkX intervening between them. In fact, α 33 also shifts to a smaller value due to the intervening of the IC-SkX/Y-x phase, but for simplicity, we still use the same symbol. The point α = α 33 in Fig.1 is a bi-critical point . Similarly, by LSW, we can determine the excitations spectra above the 3 × 3 SkX. We expect the transition from the IC-SKY/Y-x state to the 3 × 3 SkX is also a quantum Lifshitz transition with z = 1.
2. The Y-x state to the IC-SkX/Y-x transition through the condensations of C-IC magnons As shown in the inset of Fig.1, approaching from 3. Co-planar spiral states near α = β = π/N and first order transition line. We find even at the classical level, there is a first order transition from the 4 × 1 state to the 1 × 4 state along the diagonal line ( Fig.S2 ). While one need resorts " order from quantum disorder" mechanism to select out Y-x and X-y state as the quantum ground state near α = π/2. This may be due to the fact that only near α = π/2, the Y-x and X-y are collinear states and orthogonal to each other, while all the other commensurate states near α = π/N, N > 2 are non-collinear ( but co-planar in the YZ plane ) spiral phases and not orthogonal to each other. It turns out the 3 × 3 SkX is the only commensurate non-coplanar state along the diagonal line ( see SM). All the other phases separate into N × 1 and 1 × N co-planar spiral phase in the YZ plane. There are no stable C phases at α = π N n with n > 1. However, as shown below, this kind of co-planar phases at n > 1 can be stable near the Abelian line (0 < α < π/2, β = 0).
Taking N → ∞ limit, one may approach the α = β = 0 Abelian point. It suggests some IC phase near the point. To test this prediction, we first identify a U (1) family of degenerate classical state which is a FM state within XY plane. Then by performing a LSW on this degenerate manifold, the linear term indeed vanishes, but the spin wave spectrum always become negative. This fact indicates the FM is always unstable, the true ground state should be some IC phases corresponding to N → ∞ limit in the FK model.
Co-planar spiral phases at a small 0 < β < α < π/2 near the Abelian line, pre-empty of the magnon condensation transitions and the metastable Y-x phase.
1. Mapping to the one dimensional classical FrenkelKontorova (FK) Model at S = ∞. Now we try to understand the global phase diagram Fig.1 near the whole Abelian line at the bottom 0 < α < π/2, β = 0. We will establish the classical phase diagram by mapping its lower half β < α = π/N to the Frenkel-Kontorowa (FK) model with N × 1 ( stripe ) ansatz. We consider a N × 1 spin-orbital structure commensurate with a lattice with N × M lattice sites. We will reach the incommensurate limit by taking N → ∞ limit. Within a general N × 1 ansatz, applying the local spin rotationS n = R(x, 2αn)S n in Eqn.2 to get rid of the R matrix along the x bonds, writing the spin as a classical unit vector in the rotated basisS n = (cosη n , sinξ n sinη n , cosξ n sinη n ), we find that any β > 0 picks upη n = π/2 ( namely, a coplanar state inỸZ plane ) and the trial energy per site is
2 β] which can be transformed back to the original frame using ξ n =ξ n + 2nα ( so the spins remain in a coplanar state in the original Y Z plane shown in Fig.2 ).
One can see that at a small β, by using cos
60 at a finite size N with the periodic boundary condition or 2d Pokrovsky-Talapov (PT) which was used to discuss C-IC transition in 2d Bilayer quantum Hall systems 61 . Some insights can be achieved from the FK model at a small β. The kinetic term favors ξ n+1 = ξ n + 2α, while the potential term favors ξ n = ±π/2. When α = π/2, this leads to the Y-x state as the exact ground state. However, when α = π/N, N = 3, 4, 5, · · · , frustrations comes in. At a small β, the kinetic term dominates over the potential term, so ξ n+1 ∼ ξ n + 2α still holds approximately as shown for the 3 × 1, 4 × 1, 5 × 1 spiral state in Fig.2 . There are qualitative even-odd differences: The net magnetization in the N × 1 unit cell is small, but non-vanishing for odd N , exactly vanishes for even N . Even N always has a larger stable regime than its previous odd N − 1. There is a always cyclic degeneracy N for both even and odd N . The T gives a different state for N odd, but not for even N . So the degeneracy is 2N for odd N , just N for even N . One can check other symmetries operations P x , P y , P z do not generate new states.
2. The pre-empty of the magnon condensations by first order transitions in the Y-x phase For any parameter β < α = π/N , Eq. (14) gives the best estimation of the ground-state energy as min
E N ×1 which can be compared to that of the Y-x state E Y −x = −2J sin 2 α. If one finds min E N ×1 < E Y −x for some N , then it means Yx becomes unstable against some stripe spiral IC phase. Note that even min E N ×1 may not give real ground-state energy, but it does give a upper bound for the groundstate energy of the stripe spiral IC phase whose precise nature is difficult to determine using the N × 1 ansatz in a finite size calculation. The first order transition line from the Y-x to some IC phases is drawn in Fig.1 . It matches very precisely the line achieved from the previous works 34, 35 using classical Monte-Carlo simulations. It also hits the ±2π/3 contour line inside the Y-x phase at one corner of the 3 × 3 SkX phase which is a multicritical ( M ) point at (α M , β M ) ≈ (0.33952π, 0.31284π) of several commensurate and In-commensurate phases in Fig.1 . So all the C-C 0 regime and the C-IC regime with 0 < k 0 y < 2π/3 in the Y-x phase are pre-emptied by some spiral IC phases through the first-order transition line. So the Y-x state becomes only a meta-stable state ( just a local minimum in energy landscapes ) between the firstorder transition line and the putative 2nd-order condensation boundary of the C-C 0 and the C-IC magnons. So hysteresis behaviors are expected in this regime. There is no mirror symmetry anymore beyond the LSW. For example, the C-C π regime at α = β entertains the gap opening process due to the quantum order from disorder phenomena. However, its mirror image which is the C-C 0 regime at α = π/2 − β in Eqn.7 sustains no such phenomena. Of course, the condensation boundary at 0 < β < β M ∼ 0.31284π suffers a small shift due to the higher order terms in Eqn.3. But it is completely pre-emptied by the first order transition anyway.
3. Co-planar spiral states near α = π N n.
In contrast to the Y-x state near α = π/2, the commensurate phases near α = π/3, π/4, π/5, · · · are stripe co-planar ( in the YZ plane ) spiral phases shown in Fig.2 instead of a collinear phase. As shown in the last section, we also find stable co-planar spiral phase at α = π/N, N > 2 along the diagonal line. So these phases found near the Abelian line β ≪ 1 will extend all the way to the diagonal line α = β. However, the co-planar phases for n = 2, 3, · · · , [N/2] will not survive to the diagonal line. It is straightforward to extend our calculations near α = π/2 to near α = π N n to determine the excitation spectra in these phases which are expected to take the same form as the 2 × 1 Y-x state derived in Eq.5:
As N gets bigger, ∆ and v y gets smaller, so the stability regimes ( or the widths of the devil staircases ) in Fig.1 gets smaller. At an IC phase, ∆ → 0 and v y → 0, it becomes a gapless state which is responsible for its zero width in Fig.1 . We expect it has the anisotropic dis-
. Interesting, if this form is indeed correct, it takes a similar form as that of the lattice phonon mode in the LSDW+CDW which is one of the Itinerant magnetic phases in a three-dimensional repulsively interacting Fermi gas with Weyl type of spin-orbit coupling 39 .
It is also interesting to determine the classical first order transition boundaries between these robust C phases at α = π N with some IC phases achieved from the FK model Eq.14 and then to check if they will pre-empty the second order phase transitions due to the condensations of these magnons. If so, then these spiral phase become meta-stable between the first order transitions and their corresponding second order condensation boundaries just like the collinear Y-x state shown as dashed lines in Fig.1 .
Rational and irrational topological winding numbers, In-complete and complete devil's staircases. From all the co-planar spiral phases in Fig.2 , one can define the topological winding number W = (ξ N − ξ 0 )/N . For the C-phase at α = π/N , W/2π = 2α/2π = 1/N is a rational winding number which is dependent of the intermediate values of ξ n , n = 0, 1, ....., N − 1. For the other C phases at α = π N n with n > 1, the winding number is found to be W/2π = 2α/2π = n N . The quantum fluctuations will certainly reduce the magnitude of spin at a given site M i = S i . However, as long as the M i = 0, one can still define the fractional winding number W/2π in terms of its phase. So due to its topological features, the definition of the winding number W/2π also hold in the quantum case. For an In-commensurate phase, one can still define W = Lim N →∞ (ξ N − ξ 0 )/N which becomes an irrational number. Each C phase occupies a step with the length ∆ c , the total C length L c = {C} ∆ c , its ratio over the total length L 0 gives the measure of all the C phases L c /L 0 . For an in-complete devil staircases, L c /L 0 < 1, the rest 1 − L c /L 0 > 0 goes to the measure of the IC phases. For a complete devil staircases, L c /L 0 = 1, while the IC phases intervening the C phases become a set of measure zero. For a harmless devil staircases, there is a direct first order transition between the two C phases with no intervening IC phases.
1. In-complete devil's staircases near the Abelian line. Near the Abelian line β ≪ 1, Eq.14 can be mapped to the FK model in the weak locking regime. As shown in Fig.1 , in addition to the N ×1 C phase, the C phases at α = π N n with n > 1 also contribute to L c = {C} ∆ c . The total
We expect that there are two following limiting cases in Fig.1 :
− , so the IC phases takes almost all the measures. As β approaches the diagonal line,
+ , the C phases takes almost all the measures. At the transition point α = β, it just becomes the complete devil staircases where the IC phases take the Cantor set with a fractal dimension.
Complete devil's staircases along the diagonal line.
Near the diagonal line α = β, the mapping to the FK model may not be precise anymore. Along the diagonal line, as shown in Fig.1 , only the N × 1 C phase occupies a step with the length ∆ N ×1 , the total C length L C = ∞ N =4 ∆ N ×1 and the total length L 0 = α 4×1 ∼ 0.295π. As shown in the appendix, the N × 1, N ≥ 4 ( or 1 × N ) forms a complete devil staircases instead of a harmless one. In fact, as speculated above, they just lie at the transition point from the in-complete devil staircases below the diagonal line to the complete ones along the diagonal line, so the IC phases form a Cantor set with a non-integer fractal dimension.
Implications on cold atom experiments and materials with SOC. The orbital ordering wavevectors in all the phases in Fig.1 have been listed in the SM. As said below Eq.2, there is no spin-orbital coupled U (1) symmetry away from the line (α = π/2, β), so one need to calculate the 3 × 3 tensor S i ( k, ω)S j (− k, −ω) . Following 32 , one can work out the thermodynamic quantities such as magnetization, uniform and staggered susceptibilities, specific heat at the low temperatures in all the phases in Fig.1 . Similarly, one can work out various kinds of spin correlation functions at the low and high temperatures. In the cold atom contexts, all these physical quantities can be detected by atom or light Bragg spectroscopies 49, 50 , specific heat measurements 51,52 and the In-Situ measurements 53 . In materials, they can be easily measured by magnetic resonant X-ray diffraction or neutron scattering techniques [55] [56] [57] . There have been some remarkable experimental advances to generate various kinds of 2D SOC for cold atoms in both continuum and optical lattices. A 2d Rashba SOC was implemented by Raman scheme in the fermion 40 and also 87 Rb 29 , where the heating and atom loss from spontaneous emissions are eliminated, the exceptionally long lifetime ∼ 100s of the excited clock state have been achieved. In parallel, by using the most magnetic fermionic element dysprosium to eliminate the heating due to the spontaneous emission, the authors in 30 created a long-lived SOC gas of quantum degenerate atoms. The long lifetime of this weakly interacting SOC degenerate Fermi gas will also facilitate the experimental study of quantum many-body phenomena manifest at longer time scales. These ground-breaking experiments set-up a very promising platform to observe novel many-body phenomena shown in Fig.1 due to interplay between SOC and interaction in optical lattices.
Naively, due to its microscopic bosonic nature, the RFHM Eq.2 may not be useful to describe the magnetism in so called Kitaev 37 form with a dominant FM Kitave term which is indeed the case in these materials. Of course, the FM Kitave sign in these materials originates from the Hunds rules instead of the spinor bosonic nature of the underlying microscopic models.
In the so called 5d Kitaev materials such A 2 IrO 3 with A = N a 2 , Li 2 or more recent 4d materials α − RuCl 3 , so far, only Zig-Zag phase or an IC-SkX phase were observed experimentally [55] [56] [57] , no spin liquids have been found. For example, an IC-SkX phase with the ordering wavevector q = (0, 0, q), q = π + δ, δ ∼ 0.14π lying along the orthorhombic a axis was also detected on 3d hyperhoneycomb iridates α, β, γ-Li 2 IrO 3 by resonant magnetic X-ray diffractions [55] [56] [57] . As shown in 32 , the RFHM can be written as the Heisenberg-ferromag- 56, 57 or Heisenberg-KitaevExchange (J, K, Γ) model used in 58, 59 to fit the experimental data phenomenologically. One common thing among all the three models is a dominant FM Kitaev term plus a small AFM Heisenberg term. It was known that there is no such IC-SkX phase in the HeisenbergKitaev model with only (J, K) term.
Various IC-SkX phase have also been observed in some helical magnets with a strong Dzyaloshinskii-Moriya (DM) interaction 37 . Indeed, a 2D skyrmion lattice has been observed between h c1 = 50 mT and h c2 = 70 mT in some chiral magnets MnSi or a thin film of Fe 0.5 Co 0.5 Si 54 .
DISCUSSIONS
The order from disorder phenomena at the Rashba limit α = β in the range α 33 ∼ 0.34π < α < 0.5π is due to the Rashba SOC which is a completely different mechanism than that due to the geometric frustrations [2] [3] [4] [5] . The collinear spin-orbital coupled magnetic phase, the 3 × 3 SkX and the IC-SkX, stripe co-planar C and IC phases in Fig.1 can be contrasted to collinear and co-planar phases in geometrically frustrated magnets [1] [2] [3] [4] . It was also speculated strong geometric fluctuations may lead to possible quantum spin liquids 5 . In fact, the SOC could be a new mechanism leading to new classes of quantum spin liquids which may have a good chance to be sandwiched by two commensurate magnetic phases. For example, the noncoplanar IC-SkX and co-planar IC phases in Fig.1 are particularly vulnerable to some small parameter changes. So it would be important to study if a spin liquid phase can creep in a honeycomb lattice with three SOC parameters (α, β, γ) putting on its three bonds. For example, it is tempting to see if the two kinds of IC phases will be fractionized into chiral spin liquids or spin liquids under the third SOC parameter γ in a honeycomb lattice. Indeed, there remains unknown deep connections among the in-commensurability, the hierarchy structures of fractals, spin liquids and their fractionalized excitations.
The strong correlations and quenched disorders lead to a new class of state of matter: quantum spin glass [6] [7] [8] [9] . The multiple local ( meta-stable ) states, hysteresis and multi-fractals in Fig.1 may resemble the complex multiple local minimum landscapes in quantum spin glass. However, the former is SOC induced, the latter is due to quenched disorders. So the SOC may induce some similar complex glassy phenomena as the disorders do. Indeed, the non-coplanar IC-SkX phase and the coplanar IC phase in Fig.1 completely breaks the translational symmetry along the y axis and the x axis respectively. The possible connections between the quantum fluctuations in the multi-fractals in Fig.1 and the quantum chaos in the quantum spin glass deserve to be explored further [6] [7] [8] [9] [10] [11] [12] [13] . In this paper, we only discussed the spinor bosons. Starting from the results achieved in both weak and strong coupling along the anisotropic line (α = π/2, β) in the fermionic case 48 , we will map out the global quantum phase diagram for spin 1/2 fermion case in the generic (α, β) SOC parameter space in both weak and strong coupling limits. We may also explore the quantum or topological transitions between the two limits.
METHODS
In the main text, by the spin-coherent state path integral, we obtained the gap opening in the Y-x state along the diagonal∆ B = J √ SAB = 4JS AB/(16S) = 4JS∆ B . Note that in Eqn.3, the unit of spin wave dispersion at the LSW order is in the unit of 4JS. Incorporating the gap ∆ B into the spin-wave dispersion ω k in Eqn.8 at the LSW order leads to Ω q = ∆ 2 B + ω 2 q whose evolution is shown in Fig.4 ( because B ≪ A as shown in Fig.3b , so we ignore its small contribution to ω q ). Plugging in the value of the gap ∆ B ∼ 0.036, we estimate the new quantum critical point is shifted to α = α in = 0.3526π with the onset orbital order q ic ∼ 0.18π as shown in Fig.4d . This is a quantum Lifshitz C-IC transition from the Y-x state to the ICSkX/Y-x with the dynamic exponent z = 1. Because the IC-SkX/Y-x phase has the 4 orbital ordering wave-vectors (0, ±(π − q 0 y )) and (π, ±(π − q 0 y )), the most general spin structures for the two transverse components can be written as: 
The 6 complex numbers A, B, C, D and E, F should satisfy the classical constraint 3 α=1 S 2 α = S 2 . at any IC momentum q 0 y . These parameters can be determined by the minimization of the classical energy of the IC-SkX Eqn.15 in the range α 33 < α < α in along the diagonal line.
As shown in the main text, there is also a transition from the Y-x state to the IC-SkX/Y-x from the Y-x state on the right due to the condensations of the C-IC magnons with π − π/3 < k 0 y < π − 0.18π ( or equivalently 0.18π < q 0 y < π/3 ). Eq.15 can also be written as S α = Re[(ψ 1α + ψ 2α (−1)
x )e i(π−q 0 y )y ] where α = x, z stands for the two transverse components. It is interesting to construct a GL action in terms of the order parameters ψ aα , a = 1, 2, α = x, z to describe the quantum Lifshitz transition. Note that although the IC-SkX/Y-x phase in Eq.15 breaks the crystal translational symmetry along the x axis only to two sites per unit cell, it completely breaks the crystal translational symmetry along the y axis. It is infinitely degenerate, but discrete and countable. So its excitation spectrum should still have a gap. Because the crystal momentum k y is not a good quantum number anymore, so there maybe dis-commensurations or domain walls along the y axis. It remains interesting to determine the distributions of these dis-commensurations and their repulsive interactions in the IC-SKX phases. 
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